
M. A. Vorontsov and M. Yu Vol. 21, No. 9 /September 2004 /J. Opt. Soc. Am. A 1659
Compensation of distant phase-distorting layers.
II. Extended-field-of-view
adaptive receiver system
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We analyze the anisoplanatic adaptive receiver system field of view (FOV) and the possibility of controlling the
system FOV by using an adaptive optics system with multiple wave-front sensors that sense wave-front phase
aberrations of reference waves with different arrival angles. The conventional decoupled stochastic parallel
gradient descent (D-SPGD) technique is generalized to include output signals from multiple wave-front sen-
sors. The multiple-reference D-SPGD control algorithm introduced here is applied to obtain an anisotropic
FOV in adaptive receiver systems by using two and three reference waves. © 2004 Optical Society of America
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1. INTRODUCTION
In Part I of this paper (see Ref. 1) adaptive receiver sys-
tems based on stochastic parallel gradient descent
(SPGD),2,3 decoupled stochastic parallel gradient descent
(D-SPGD),4 and phase-conjugation (PC)5 algorithms were
analyzed for the case in which propagation medium inho-
mogeneities cannot be approximated by a single phase-
distorting layer located at the receiver system pupil plane
(pupil-plane phase screen). The propagation medium
models included a single remote phase-distorting layer
and a set of phase-distorting layers equidistantly distrib-
uted along the propagation path.

In these propagation scenarios, the effect of the distant
distorting layer(s) emerges in the receiver telescope pupil
plane as nonuniform intensity distributions (known as
scintillations) and as complicated wave-front phase-
aberration patterns that can contain phase singularities
(branch points and 2p phase cuts). Both effects—
scintillations and phase singularities—are highly unde-
sirable and can result in degradation of compensation
performance, as discussed in Part I.

The distant location of phase inhomogeneities (distant
phase-distorting layers) results in another important ef-
fect known as angular anisoplanatism.6,7 The optical
waves emerging at the receiver telescope undergo phase
aberrations dependent on their arrival angle. In the
adaptive systems considered in Part I, phase-aberration
compensation is based solely on the sensing of on-axis
wave aberrations (on-axis compensation). The efficiency
of this on-axis compensation degrades with the increase
of the wave arrival angle, resulting in narrowing the
1084-7529/2004/091659-10$15.00 ©
adaptive optics receiver system field of view (FOV) im-
posed by angular anisoplanatism.6–8

Analysis of the effect of the remotely located phase-
distorting layers on the adaptive optics receiver system
FOV, as well as the possibilities for extending the receiver
system FOV (extended-field-of-view compensation), are
important issues for many adaptive optics
applications.9–12 Here in Part II we address these prob-
lems by considering adaptive (closed-loop) compensation
of distant phase-distorting layers with use of the D-SPGD
and SPGD adaptive optics control system architectures.

In Section 2, efficiency of narrow-FOV (on-axis)
D-SPGD compensation is analyzed for wave components
that enter a remotely located phase-distorting layer at
different offset angles (off-axis waves), propagate to the
receiver telescope, and undergo only on-axis phase com-
pensation. In Section 3, we discuss a new closed-loop
correction algorithm designed to operate with multiple
reference waves originating from multiple-reference light
sources or guide stars. This algorithm—multireference
(MR) D-SPGD—provides adaptive correction over a wider
FOV (extended-FOV compensation) than does on-axis
compensation with a single reference wave. The MR
D-SPGD controller does not require knowledge of either
the strength or the position of distorting layers and can
operate with a single or multiple wave-front correctors.

Examples of MR D-SPGD compensation are described
in Section 4. They include extended-FOV compensation
inside a one-dimensional angular region and extended-
FOV correction inside a finite two-dimensional angular
region. Extended-FOV compensation is performed by us-
ing an adaptive system with a MR D-SPGD controller, a
2004 Optical Society of America
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single wave-front corrector, and multiple (two or more)
narrow-FOV wave-front sensors capable of independently
sensing phase aberrations originating from different ref-
erence waves.

2. ADAPTIVE RECEIVER FIELD-OF-VIEW
FOR ON-AXIS COMPENSATION
A. Adaptive Optics Receiver System with On-Axis
Compensation: Numerical Models
Consider an adaptive receiver system operating with a
single phase-distorting layer located a distance l from the
telescope pupil, as shown in Fig. 1. The feedback control
system is composed of a beam splitter, BS, a wave-front
sensor, WFS, a lens Ls that re-images the telescope pupil
plane to the wave-front sensor input plane, a D-SPGD
controller, and a wave-front corrector with an aperture
size of Dc (controllable mirror array of N 5 nc 3 nc
piston-type actuators). The wave-front sensor (the point-
diffraction interferometer described in Part I) provides
sensing of phase aberrations only for the on-axis refer-
ence wave (narrow-FOV wave-front sensor). This can be
achieved by filtering the off-axis wave components in the
receiver telescope (lens L) focal plane using a small dia-
phragm, D. Compensation efficiency of the D-SPGD
adaptive optics system in Fig. 1 was analyzed in Part I for
on-axis waves (narrow-FOV compensation).

Consider now an off-axis wave that propagates in the
direction of the angular vector u 5 $ux , uy%, where ux and
uy are angular coordinates. To simplify the analysis as-
sume that ux 5 u, uy 5 0, and u ! 1 (small-angle ap-
proximation).

The distant phase-distorting layer introduces the phase
perturbation w(r) into both on- and off-axis waves. From
the wave propagation geometry in Fig. 1, it follows that
the off- and on-axis waves are mutually shifted by a dis-
tance D > lu at the phase-distorting layer plane (z
5 0). This linear shift leads to a corresponding shift be-
tween the pupil-plane phase-aberration functions for the
on-axis wp(r) and the off-axis wp

u (r) waves: wp
u (x, y)

5 wp(x 1 D, y). Here we neglect the difference in the
length of the propagation path by assuming that D ! l.

The adaptive phase correction u(r) is obtained by sens-
ing the phase aberrations only of the on-axis reference
wave. As a result, compensation efficiency (measured by
the Strehl ratio St or some other metric) depends on the
wave arrival angle u (viewing direction).7 The depen-

Fig. 1. Schematic of adaptive system with D-SPGD controller
and a single distant phase-distorting layer located at the plane
z 5 0.
dence of the Strehl ratio St(u) on the viewing direction
characterizes the compensated receiver system FOV.

Typically in the analysis of anisoplanatic effects, wave
propagation between the phase-distorting layer and the
receiver system aperture is described by using the geo-
metrical optics approximation, so that pupil-plane inten-
sity scintillations, as well as the difference between the
pupil-plane phase wp(r) and the induced phase perturba-
tion w(r), are ignored.11,12 This approach is often
referred to as the near-field approximation or the
phase-aberration projection approximation.7 In
this approximation wp(r) > w(r) and hence wp

u (x, y)
5 wp(x 1 D, y).

We also analyze a more general approach in which the
propagation of both the off- and the on-axis waves are de-
scribed by using the parabolic approximation of the wave
propagation equation, often known as the quasi-optical
approximation [see Eq. (6) in Part I]. This approxima-
tion accounts for diffraction effects and hence for both in-
tensity scintillations and phase singularities.

In the numerical analysis of the adaptive optics system
in Fig. 1 the complex amplitude of the off-axis wave arriv-
ing at the telescope pupil at the angle u is obtained by
considering propagation of the on-axis wave that passes
through the distorting layer shifted by the distance D
5 lu.

For the offset angle u, the phase perturbation
introduced by the shifted distorting layer is
wu(x, y) 5 w(x 1 D, y) or, equivalently, wu(x, y)
5 w(x 1 lu, y). The phase control u(r) is assumed to
be the same for all of the offset angles u inside the
angular region Vu . The residual phase aberration
d u(r) 5 wu(r) 1 u(r), as well as the Strehl ratio St(u),
are functions of the offset angle u. The Strehl ratio St(u)
is defined as the ratio of the on-axis focal-plane intensity
for the corrected wave (obtained by using the distorting
layer shifted by D 5 lu) to the corresponding on-axis
focal-plane intensity in the absence of aberrations. The
phase correction function u(r) is obtained by using the
D-SPGD control algorithm applied only to the on-axis ref-
erence wave, as described in Part I [see Eq. (2) there].

Similar to the numerical analysis in Part I, the phase
perturbations w(r) introduced here correspond to realiza-
tions of the random function with zero mean and the An-
drews model of the atmospheric turbulence power spec-
trum [Eq. (10) in Part I]. Phase-perturbation strength is
characterized by the ratio Dc /r0 , where r0 is the Fried
parameter.

In the numerical simulations, the complex amplitude of
the waves entering the phase-distorting layer corre-
sponds to a super-Gaussian beam with radius a
5 1.5Dc , as described by Eq. (8) in Part I.

It is convenient to normalize the offset angle by the pa-
rameter uD 5 Dc /l so that the normalized offset angle is
given by ũ 5 u/uD . The parameter uD is the viewing
angle at which the receiver aperture of size Dc is seen
from an on-axis point at the distorting layer plane. Note
that from the relationship D 5 ul it follows that ũ 5 D̃,
where D̃ 5 D/Dc .

Computation of the on-axis compensation control func-
tion u(r) and the corresponding angular dependence
St( ũ) was repeated for 50 realizations of the phase-
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Fig. 2. Angular dependence of the ensemble-averaged Strehl ratio ^St& for D-SPGD adaptive on-axis compensation of a distant phase-
distorting layer for different values of Dc /r0 : near-field approximation (solid curves) and quasi-optical approximation (dashed curves).
The uncompensated Strehl ratio values ^St0& are shown by diamonds. The gray-scale images at right represent focal-plane intensity
distributions: a, diffraction limited and b–f for a phase-distorting layer with Dc /r0 5 6. Focal-plane intensity distributions are shown,
b, for uncompensated and c, d, for compensated on-axis waves, where b and c are obtained in the near field and d in the quasi-optical
approximation for l 5 0.03ld (ld 5 0.5ka2). Images e and f are obtained for u 5 u1 5 0.06uD for the near-field and the quasi-optical
approximations (l 5 0.03ld), respectively. Each intensity distribution in a–f is normalized by its own maximum value.
perturbation random functions w(r). The obtained Strehl
ratio values are ensemble averaged.

B. Field of View for On-Axis Compensation
Consider numerical analysis results of on-axis compensa-
tion with the D-SPGD controller. Dependence of the
ensemble-averaged Strehl ratio ^St( ũ)& on the normalized
offset angle ũ 5 u/uD is shown in Fig. 2 for different
Dc /r0 ratios. In this figure the solid curves correspond to
the near-field approximation @ wp(r) 5 w(r)#, and the
dashed curves are obtained by considering wave propaga-
tion (diffraction) from the distant phase-distorting layer
to the telescope pupil plane using the quasi-optical (para-
bolic) approximation.

Define the adaptive receiver system FOV as the angu-
lar region VFOV 5 $0 < u < u0% inside which phase com-
pensation results in an averaged Strehl ratio that is in-
creased beyond the uncompensated value ^St0&. The
region VFOV is commonly referred to as the isoplanatic re-
gion, where u0 is the isoplanatic angle. For a single thin
layer of Kolmogorov turbulence, u0 5 0.31(r0 /l).5

In Fig. 2 the uncompensated values ^St0& are indicated
by the diamond symbols on the y axis. When compared
with the uncompensated receiver system, on-axis com-
pensation results in improvement of the Strehl ratio
within the isoplanatic region, with the angular size u0 de-
creasing as the turbulence strength increases (increase of
the Dc /r0 ratio).

Compensated focal-plane intensity distributions corre-
sponding to different offset angles are shown in Figs. 2a–
2f. Note that even partial compensation corresponding
to relatively large offset angles and small Strehl ratio val-
ues @^St(u)& > 0.1 2 0.2# can produce a useful result
such as the formation of the well-known core-halo images
of a point reference source.13 As seen in Figs. 2e and 2f,
partial compensation obtained for the offset angle u1
5 0.06uD corresponding to ^St(u1)& > 0.15 results in a
nearly diffraction-limited size of the core in the focal-
plane intensity distributions.
Compare the efficiency of on-axis compensation ob-
tained from the quasi-optical (dashed curves in Fig. 2)
and the near-field approximations (solid curves in Fig. 2).
As expected from the analysis described in Part I, diffrac-
tion effects cause an overall decrease in compensation ef-
ficiency for the on-axis waves (decrease in Strehl ratio
value for u 5 0).

On the other hand, accounting for diffraction can in-
crease the receiver system FOV (compare solid and
dashed curves corresponding to Dc /r0 5 1.5 and Dc /r0
5 3 in Fig. 2). This increase in the angular compensa-
tion range is associated with diffraction-induced filtering
of the small-scale phase-aberration components. When
the amplitude of the phase perturbations (turbulence
strength) is relatively small, this filtering results in phase
smoothing and an increase in the overall correlation dis-
tance between the pupil-plane on- and off-axis phase dis-
tortions.

As mentioned in Part I, when phase perturbation
strength increases, evolution of the phase along the
propagation path leads to the appearance of wave-front
branch points. A linear shift in branch-point position oc-
curring for the off-axis waves may strongly affect correla-
tion properties of the wave-front phase for on- and off-axis
waves. This is the reason that the diffraction-induced in-
crease in the receiver system FOV occurs only for rela-
tively weak phase aberrations or short propagation dis-
tances.

3. COMPENSATION WITH MULTIPLE
REFERENCES: MULTIREFERENCE
DECOUPLED STOCHASTIC PARALLEL
GRADIENT DESCENT CONTROLLER
A. Decoupled Stochastic Parallel Gradient Descent
Adaptive Optics System with Multiple References
Consider closed-loop compensation with the use of several
reference light sources. In astronomical and directed en-
ergy adaptive optics applications, these reference light
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sources are often referred to as guide stars (natural or la-
ser guide-stars).7,13–18 In free-space laser communica-
tion applications, the reference waves (beams) can origi-
nate from a set (array) of spatially separated laser
transmitters used for mitigation of the atmospheric-
turbulence-induced communication signal fading. Using
multiple reference waves can extend the receiver system
FOV beyond that obtained with on-axis
compensation.10,18,19

For simplicity, assume that the adaptive receiver sys-
tem has a single pupil-plane wave-front corrector and op-
erates with only the two reference sources A and B as
shown in Fig. 3a. Sampling of the reference waves is per-
formed in parallel with the use of two narrow-FOV wave-
front sensors. The small pinholes DA and DB located in
the receiver system image plane provide narrow-FOV an-
gular filtering of the received waves, so that each wave-

Fig. 3. Schematics of the D-SPGD adaptive receiver systems op-
erating with two reference sources (A and B) and a single wave-
front corrector. The two near-field wave-front sensors SensorA
and SensorB are in planes conjugate to the telescope pupil plane
formed by beam splitters BS and the re-imaging lenses LA and
LB . Diaphragms DA and DB provide narrow FOV sensing of
wave-front distortions corresponding to each of the two reference
waves. Feedback control in a is based solely on information ob-
tained from the near-field sensors (conventional D-SPGD control-
ler). The multiple-reference (MR) D-SPGD controller in (b) is
based on both far-field (StA and StB) and near-field sensor out-
puts. The far-field sensors are composed of pinhole diaphragms
and photodetectors PDA and PDB. The wave vector geometry for
the reference and off-axis waves is illustrated in c.
front sensor can independently sense only the reference
field residual phase aberrations (phase errors) dA(r)
5 u(r) 1 wA(r) and dB(r) 5 u(r) 1 wB(r), where wA(r)
and wB(r) are the pupil-plane phase aberrations for each
of the two reference waves.

B. Performance Metrics for Multiple-Reference
Operation
Wave-front control in the adaptive optics receiver system
with two references aims to simultaneously decreasing
both phase errors, dA(r) and dB(r). This control goal can
be achieved by minimizing the following performance
metric (phase-error metric):

Jd@u# [
1

S
E

VC

@dA
2 ~r! 1 dB

2 ~r!#d2r, (1)

where VC is the wave-front sensor/corrector aperture
with an area of S.

The phase-error metric (1) can be minimized in a
closed-loop control system based on model-free optimiza-
tion techniques (gradient-descent,5 multidithering,20

SPGD,2–4 stochastic approximation21). Nevertheless,
practical implementation of model-free optimization for
multiple-reference compensation faces at least two poten-
tial problems. First, computation of metric (1) requires
phase reconstruction from the wave-front sensor intensity
data—essentially the same problem as for closed-loop op-
eration with a single reference. An additional obstacle is
that phase reconstruction should be performed in parallel
for two sensors. The second problem is associated with
the potential risk that the model-free optimization pro-
cess may converge to only one of the local minima for per-
formance metric (1). The most likely minimum of metric
(1) corresponds to compensation of single residual phase
errors only: dA(r) or dB(r).

The first problem, the phase reconstruction require-
ment, can be overcome by using optimization of perfor-
mance metrics based not on phase but on the output in-
tensity of the near- or far-field wave-front sensors. As an
example, consider far-field sensors that provide measure-
ments of the Strehl ratios StA and StB associated with
each of the reference sources. The performance metric
for the adaptive optics system with two references is
given by the expression

StAB [ StA 1 StB . (2)

The metric components StA and StB are proportional to
the light power inside the small diaphragms (pinholes)
DA and DB in Fig. 3a. The adaptation goal is to maxi-
mize metric (2).

Another performance metric that can be used for
multiple-reference operation is similar to the wave-front
sensor fidelity metric J3 discussed in Part I. For the case
of two reference waves this metric can be computed by us-
ing the intensity distributions Id

A(r) and Id
B(r) obtained

from the near-field wave-front sensors:
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J3
AB 5 J3

A 1 J3
B 5 (

j51

N

~ Ī j
A 1 Ī j

B!

5 E
VC

Id
A~r!d2r 1 E

VC

Id
B~r!d2r. (3)

The sensor output signals $ Ī j
A% and $ Ī j

B% in Eq. (3) are pro-
portional to the output intensities Id

A(r) and Id
B(r) inte-

grated over the sensor’s subaperture areas $V j% as de-
scribed in Part I.

Closed-loop optimization of either the far-field metric
(2) or the near-field metric (3) does not require wave-front
reconstruction. However, the problem of local extrema
associated with maximization of the individual metric
components StA or StB in Eq. (2) or the minimization of
the metric components J3

A or J3
B in Eq. (3) remains unre-

solved with conventional optimization techniques.

C. Metric Local Extrema and ‘‘Winner-Takes-All’’
Competition
Generalization of performance metrics (2) and (3) for op-
eration with Ng reference waves (guide stars) can be rep-
resented in the form

J 5 (
j51

Ng

b jj j , (4)

where $b j% are weighting coefficients and $ jj%
( j 5 1,..., Ng) are the metric components corresponding
to each of the Ng reference sources.

Adaptive system operation using optimization of the
multiple-reference performance metric (4) has essentially
the same problem as optimization of metrics (2) or (3):
the risk that the adaptation process will be trapped in one
of the metric (4) local extrema typically associated with
each reference wave. As the number of references Ng in-
creases, the problem of local extrema becomes more se-
vere.

To illustrate, assume that the wave-front control goal is
to maximize performance metric (4) and that Jl is the lth
local maximum of metric (4) achieved after compensation.
With expression (4) the metric local extremum value Jl
can be symbolically represented as a scalar product of two
vectors: Jl 5 (bjl), where b 5 $b j% is the vector for the
weighting coefficients in Eq. (4) and jl 5 $ jl, j% is the met-
ric vector corresponding to the lth local extremum. The
vector jl is composed of the metric components $ jl, j% ob-
tained from each of the Ng wave-front sensors.

Consider the following assumption based on the nu-
merical analysis described below. For reference waves
separated by angular distances exceeding the isoplanatic
angle u0 (anisoplanatic references), the most likely local
maximum of metric (4) is associated with optimization
(maximization) of a single component of the metric vector
j 5 $ jj% and a decrease in all of the other components. In
other words, the optimization process results in compen-
sation corresponding to a single reference and disregards
the phase-aberration information obtained from sensing
the other reference waves. Which of the local maxima
traps the adaptation process depends on the initial condi-
tions (metric vector j0 5 $ jj

0%) and on the selected weight-
ing coefficients $b j%.
The set of metric vectors jl (l 5 1,..., Ng) associated
with the most likely local maxima of metric (4) can be rep-
resented in the form

jl 5 $0,..., 0, jl , 0,..., 0%, (5)

where jl is the stationary-state metric value correspond-
ing to the lth reference, the reference ‘‘winner.’’ We ne-
glect here the presence of noise in measurement of the
metric-vector components. The value of metric (4) corre-
sponding to this ‘‘winning’’ reference (guide-star) is Jl
5 (bjl) 5 b lj l .

The evolution (convergence) process characterized by
solutions of type (5) is known in artificial neural network
theory as winner-takes-all (WTA) dynamics.22 Thus op-
timization of metric (4) by the adaptive receiver system
with multiple reference sources can result in phase dis-
tortion compensation only for a single reference source
(winning guide star). This compensation process occurs
in the form of WTA competition. The potential advan-
tages in using multiple references instead of a single ref-
erence wave can be realized only if the WTA dynamics of
the closed-loop control system are somehow destroyed.

D. Multireference Decoupled Stochastic Parallel
Gradient Descent Control Algorithm
As an example of closed-loop compensation with ‘‘de-
stroyed’’ interreference WTA competition, consider a
closed-loop compensation system with two reference
waves (A and B). The angular distance between these
two waves is uAB (see Figs. 3b and 3c). Assume that
adaptive compensation is based on optimization (minimi-
zation) of the near-field performance metric J3

AB in Eq.
(3). The advantage of metric J3

AB is that it can be opti-
mized by using both SPGD and D-SPGD controllers.

The D-SPGD iterative procedure for control signal up-
date described in Part I for a single reference [see Eq. (2)
in Ref. 1] can be generalized to include multiple-reference
compensation. For two reference waves it can be repre-
sented in the form

uj
~n11 ! 5 uj

~n ! 1 g~n !@bA
n d Ī j

A~n ! 1 bB
n d Ī j

B~n !#duj
~n !

~ j 5 1,..., N !. (6)

Here $duj
(n)% are random control signal perturbations ap-

plied to the corrector actuators that are dependent on the
iteration number n, $d Ī j

A(n)% and $d Ī j
B(n)% are the corre-

sponding variations in the sensors’ output signals (metric-
vector components), and $bA

n % and $bB
n % are weighting co-

efficients.
To avoid WTA-type competition that can lead to a local

extremum for the metric J3
AB associated with one of the

two reference waves, introduce the following iterative
procedure for weighting coefficient update in Eq. (6):

bA
~n ! 5

StB
~n !

StA
~n ! 1 StB

~n !
, bB

~n ! 5
StA

~n !

StA
~n ! 1 StB

~n !
, (7)

where StA
(n) and StB

(n) are the Strehl ratio components at
the nth iteration registered by the two far-field sensors
shown in Fig. 3b.

The weighting coefficient update rule (7) penalizes the
advantage (success) in compensating each of the residual
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Fig. 4. Extended-FOV D-SPGD compensation with two reference waves and a single wave-front corrector. Ensemble-averaged Strehl
ratio profiles ^St(ux , uy 5 0)& in a, c, and d and ^St(ux 5 0, uy)& in b are obtained after MR D-SPGD compensation: a and b correspond
to different angular distances uAB between the reference waves (Dc /r0 5 6.0), and c corresponds to different parameters Dc /r0 with
uAB /uD 5 0.2. The dashed curves in both a and b correspond to compensation with a single reference wave. The dashed curves in c
correspond to a D-SPGD process converging to a local minimum for Dc /r0 5 6.0. The dotted curve in a is obtained for uAB /uD 5 0.4
with partitioning of the wave-front corrector area into two sections, each with 16 3 32 actuators. Each section is controlled with a
separate wave-front sensor. The Strehl ratio profiles in a–c are obtained in the near-field approximation, and d corresponds to the
quasi-optical approximation for different propagation distances l/ld . The dashed curve in d corresponds to the near-field approxima-
tion. In d, the Strehl ratio profiles are shown for offset angles normalized by both the angle uD and the isoplanatic angle u0 (indicated
by arrows).
wave-front phase-aberration components, thus prevent-
ing the adaptive process from converging to a single-
reference solution, a local minimum of metric (3). If at
the nth iteration StA

(n) . StB
(n) , from Eq. (7) it follows

that bA
n , bB

n .
The D-SPGD control algorithm (6) with the weighting

coefficient update rule (7) is referred to as multiple-
reference D-SPGD (MR D-SPGD). The schematic for the
MR D-SPGD adaptive optics receiver system is shown in
Fig. 3b. The control system includes two near-field
narrow-FOV wave-front sensors (sensors A and B) used
for sensing the metric-vector components $d Ī j

A(n)% and
$d Ī j

B(n)% and two far-field sensors providing measure-
ments of the on-axis focal plane irradiance (or the corre-
sponding Strehl ratios StA and StB) used for computing
the weighting coefficients $bA

n % and $bB
n %.

Expression (7) can be generalized to include the con-
stellation of Ng reference sources. In this case a weight-
ing coefficient associated with the jth reference wave is
given by the following expression:

b j
~n ! 5 (

lÞj

Ng

Stl
~n !Y (

l51

Ng

Stl
~n ! , (8)

where $Stl
(n)% are the Strehl ratios measured for each of

the Ng reference sources. The D-SPGD control algorithm
(6) for multiple-reference operation is given by
uj
~n11 ! 5 uj

~n ! 1 g~n !(
l51

Ng

b l
nd Ī j,l

~n !duj
~n ! ~ j 5 1,..., N !,

(9)

where d Ī j,l
(n) is the jth component of the lth sensor’s output

signal variation.

4. EXTENDED-FIELD-OF-VIEW
COMPENSATION WITH MULTIPLE
REFERENCES
A. Extended-Field-of-View Compensation with Two
References
Consider an extended-FOV compensation system with
two reference sources and a single wave-front corrector
(32 3 32 element piston-type corrector array) in the re-
ceiver system pupil plane, as shown in Fig. 3b. Phase-
distortion compensation is performed by using the MR
D-SPGD controller (6) with the weighting coefficient up-
date rule (7).

Results of adaptive compensation are presented in
Figs. 4a and 4b for two reference waves separated by vari-
ous angular distances uAB /uD (uD 5 Dc /l). The adap-
tive optics system FOV is estimated by using the angular
dependence of the ensemble-averaged Strehl ratio ^St(u)&,
where u 5 $ux , uy% is the angular vector with angular co-
ordinates ux and uy . The angular vector u is associated
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with the wavevector ku 5 k$cos ux , cos uy% (k 5 2p/l).
The angular vectors of the reference waves uA
5 $2uAB/2, 0% and uB 5 $uAB/2, 0% correspond to the
wave vectors kA and kB shown in Fig. 3c.

Figures 4a and 4b represent two orthogonal profiles of
the averaged Strehl ratio function: ^St(ux , uy 5 0)& in
Fig. 4a and ^St(ux 5 0, uy)& in Fig. 4b. The Strehl ratio
function ^St(ux , 0)& in Fig. 4a is shown for fixed turbu-
lence strength (Dc /r0 5 6.0) and different values of the
normalized angular distance uAB /uD between the two ref-
erence waves. As seen from a comparison of the single
(dashed curve in Fig. 4a) with the two-reference compen-
sation, the use of two reference waves increases the re-
ceiver system FOV beyond the range that can be achieved
with the use of a single reference. As seen in Fig. 4b, the
increase in the receiver system FOV in one direction (ux
direction) has little effect on the receiver system FOV in
the orthogonal uy direction.

As uAB increases, the FOV increase in the ux direction
is accompanied by a certain decrease in compensation
performance in the central (on-axis) angular region. For
uAB . 0.2uD , the Strehl ratio curves in Fig. 4a have two
noticeable maxima at the angular distances ux 5 2uAB/2
and ux 5 uAB/2 that correspond to the angular directions
of the two reference sources, with a minimum at ux 5 0.

This result is easy to understand. For a relatively
large angular distance uAB between the reference waves,
the associated phase-distortion components, wA(r) and
wB(r), and the corresponding wave-front sensor outputs
are practically uncorrelated. Optimizing metric (3) re-
sults in a complicated partitioning of the wave-front cor-
rector area between the regions associated with aberra-
tion compensation for each of the two reference waves.
Note that such wave-front corrector area partitioning oc-
curs only with the use of the MR D-SPGD control algo-
rithm, which penalizes the most successfully operating
subsystem at each iteration of the control signal update.
Adaptive correction performed with the constant weight-
ing coefficients in Eq. (6), the conventional D-SPGD con-
troller, collapses to one of the two local minima of metric
(3) that corresponds to single-reference compensation.
Examples of conventional D-SPGD controller convergence
to local minima are shown in Fig. 4c for Dc /r0 5 6
(dashed curves).

Compare the compensation efficiency in Fig. 4a for the
angular distance uAB 5 0.4uD obtained by using the MR
D-SPGD controller (solid curve) with what can be
achieved by two independent adaptive optics subsystems
that use two different single reference sources but share
the same wave-front corrector by equally dividing its area
between the two subsystems (two corrector areas with
16 3 32 elements each). Each of these adaptive optics
subsystems compensates phase aberrations that corre-
spond to only one of the two reference waves. The Strehl
ratio values for this system (shown by the dotted curve in
Fig. 4a) are smaller than the Strehl ratio values obtained
with the MR D-SPGD controller. Thus the MR D-SPGD
control algorithm provides more efficient sharing of the
wave-front corrector resources between the two compen-
sation directions than can be obtained with a direct split
of wave-front corrector area.

Consider the Strehl ratio profiles ^St(ux , 0)& in Fig. 4c
obtained for a fixed angular distance uAB 5 0.2uD be-
tween the two reference waves, and for different Dc /r0 ra-
tio values. For relatively weak turbulence (Dc /r0 < 3),
the pupil-plane phase aberrations wA(r) and wB(r) are
strongly correlated. This results in the appearance of a
flat top in the Strehl ratio curve ^St(ux , 0)& in Fig. 4c. In
this angular region the compensated receiver system FOV
is nearly uniform in the ux direction.

As the ratio of Dc /r0 increases, the correlation between
the phase aberrations wA(r) and wB(r) decreases. This
results in the appearance of two well-resolved maxima in
the Strehl ratio curve ^St(ux , 0)& at the off-axis angles
ux 5 uAB/2 and ux 5 2uAB/2, as shown in Fig. 4c for
Dc /r0 5 6.

The ensemble-averaged Strehl ratio curves in Figs.
4a–4c were obtained with the phase-aberration projection
(near-field) approximation @ wp(r) 5 w(r)#, which does
not take into account diffraction effects. In Fig. 4d the
angular dependence of the compensated Strehl ratio
^St(ux , 0)& for the near-field approximation (dashed
curve) is compared with the corresponding dependencies
(solid curves) obtained by considering wave diffraction
along the propagation path between the distorting layer
and the receiver telescope pupil plane (quasi-optical ap-
proximation). As the propagation distance l increases,
overall compensation efficiency declines while the angu-
lar dependence ^St(ux , 0)& becomes more uniform.

B. Two-Reference Decoupled Stochastic Parallel
Gradient Descent Compensation and Wave-Front
Corrector Resolution
Compare the efficiency of MR D-SPGD compensation with
two reference waves for wave-front correctors having a
different number of actuators N 5 nc 3 nc . The com-
pensated Strehl ratio profiles ^St(ux , 0)& and ^St(0, uy)&
for different N and a fixed angular distance uAB 5 0.2uD
between the two reference waves are shown in Fig. 5
(near-field approximation).

As seen from Fig. 5a, increasing the wave-front correc-
tor actuator number above N 5 8 3 8 results in an im-
provement of compensation efficiency primarily in the an-
gular regions located near the reference wave propagation
directions u 5 6uAB/2. However, the increase in the
Strehl ratio near the reference wave directions is accom-
panied by a decline in on-axis compensation efficiency
(compare the Strehl ratio profiles in Fig. 5a for N 5 8
3 8 with N > 16 3 16). This result is not unexpected.
Performance metric (3) optimized by the MR D-SPGD
controller depends solely on the narrow FOV wave-front
sensor output intensities obtained only for the reference
waves. This metric does not penalize residual phase ab-
errations in the on-axis direction. As seen from the
Strehl ratio curves in Fig. 5a, increasing the wave-front
corrector spatial resolution does not necessarily result in
improvement in adaptive optics system performance (spa-
tially uniform extension of the receiver system FOV)
when two angularly separated reference waves are used
for compensation.

Thus, to avoid the appearance of bumps in the Strehl
ratio profile (while still extending the receiver system
FOV), the wave-front corrector should have enough actua-
tors for compensation of the phase aberration components
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that are spatially correlated for both reference waves.
The additional actuators are not utilized by the MR
D-SPGD control system to uniformly increase the Strehl
ratio but rather to improve compensation performance in
the angular vicinities of the reference sources by compen-
sating weakly correlated small-scale phase-aberration
components present in the phase aberration of each refer-
ence wave. The spatial resolution of the wave-front cor-
rector (number of actuators N) resulting in the most flat
Strehl ratio curve ^St(0, uy)& in Fig. 5a corresponds to
N
5 8 3 8. As seen in Fig. 5b, the same number of wave-
front corrector actuators N 5 8 3 8 also provides the
best compensation performance [the largest Strehl ratio
^St(0, uy)&] in the orthogonal angular direction. Note
that the optimal wave-front corrector spatial resolution
depends on both the angular distance uAB between the
reference sources and the turbulence strength (Dc /r0 ra-
tio).

C. Anisotropic-Field-of-View Widening
As seen from Figs. 4 and 5, the use of two reference
sources results in a highly nonuniform (anisotropic) FOV
in the two orthogonal viewing directions. Spatial aniso-

Fig. 5. Effect of wave-front corrector resolution on phase-
aberration compensation efficiency with two reference waves for
the near-field approximation and Dc /r0 5 6. The ensemble-
averaged Strehl ratio profiles ^St(ux , 0)&, a and ^St(0, uy)&, b,
correspond to a piston-type wave-front corrector array with dif-
ferent numbers of actuators N. Control parameters are opti-
mized separately for each N in a and b.
tropy of the receiver system FOV in selected angular di-
rections may be required for such adaptive optics applica-
tions as illumination and tracking and imaging of objects
that are extended in one direction (cigar-shaped objects).
For a bright (or laser-illuminated) object, reference waves
with the required angular separation can be selected di-
rectly from the received light by using two narrow-FOV
wave-front sensors with an angularly shifted optical axis.

The major advantage of anisotropic compensation (for
one direction only) with two references is the improved
utilization of the compensation resources (wave-front cor-
rector area). In this case the corrector active area (actua-
tors) is not wasted so as to improve the system FOV in
nonessential directions. Note that two-reference
D-SPGD adaptive optics compensation does not require
knowledge of the location and strength of the distorting
layers, the major drawback for most multiconjugate com-
pensation approaches.11,23,24 On the other hand, al-
though MR D-SPGD adaptive optics compensation with a
single corrector does increase the system FOV, it still can-
not provide diffraction-limited compensation.

The performance of the MR D-SPGD adaptive optics
system with a single corrector and two wave-front sensors
is strongly dependent on the spatial correlation between
wave-front aberrations of the selected references. The
aim of the control algorithm is to find and compensate
these highly correlated phase-aberration components to
achieve a simultaneous ‘‘compromised’’ improvement for
both reference directions. This type of compromise leads
to some decrease in compensation performance in
comparison with a single reference case. For the case in
which the correlation between phase aberrations of the
reference waves is weak, the MR D-SPGD adaptive optics
system operates as two quasi-independent single-
reference systems. This leads to a complicated wave-
front corrector partitioning that provides nearly equal
compensation performance for both reference directions.

D. Extended-Field-of-View Compensation for Three
Reference Waves
For the case of extended targets (in two dimensions) as
well as for most imaging applications (e.g., astronomical
imaging), the use of two reference sources is not sufficient
and cannot provide a spatially uniform increase in the re-
ceiver system FOV. Adaptive optics compensation may
require the use of several (at least more than two) refer-
ence sources.

Consider an example of the MR D-SPGD adaptive re-
ceiver system operating with three reference waves that
propagate through a single distant phase-distorting layer.
In the angular space of the propagation directions, the
group of the three reference waves (A, B, C) represents an
equilateral triangle with an angular distance between the
references of uAB 5 uBC 5 uCA 5 us . The telescope opti-
cal axis is orthogonal to this triangle and passes through
its middle point, as shown in Fig. 6. In this case, the an-
gular coordinates for the reference wave propagation di-
rections are uA 5 (2us/2, 2A3us/4), uB 5 (us/2,
2A3us/4), and uC 5 (0, A3us/4).

Compensation efficiency of the three-reference MR
D-SPGD adaptive optics system is analyzed by using the
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near-field approximation. The obtained ensemble-
averaged Strehl ratio profiles ^St(ux , 0)& and ^St(0, uy)&
for different angular distances us are shown in Figs. 6a
and 6c.

In comparison with two-reference compensation
(dashed curves), the Strehl ratio profiles ^St(ux , 0)& for
the three-reference wave configuration in Fig. 6a is nar-
rower. As the angular distance us between the references
increases, the compensated Strehl ratio values
^St(ux , 0)& became smaller over the entire compensation
angular range (compare with the Strehl ratio curves in
Fig. 6a).

The Strehl ratio profile along the angular direction u
5 (ux , 2A3us/4), which includes the angular coordi-
nates of the two reference sources (B and C), is shown in
Fig. 6b. Similarly to the two-reference configuration, the
Strehl ratio profile exhibits two local maxima that coin-

Fig. 6. Extended-FOV D-SPGD compensation with three refer-
ence waves and a single wave-front corrector, for ensemble-
averaged Strehl ratio profiles ^St(ux , 0)&, a; ^St(ux , 2A3us/4)&,
b; and ^St(0, uy)&, c. The dashed curves in a–c correspond to re-
sults obtained for two-reference compensation with an angular
distance uAB /uD 5 0.1. The geometry indicating reference wave
propagation directions is illustrated in the right top corner of
a–c.
cide with the angular vectors uB and uC of the two refer-
ence waves, although the achieved Strehl ratio value is
less than for the two-reference compensation in Fig. 4a.

Examine compensation efficiency in the orthogonal (uy)
direction that includes the angular coordinate uB of the
reference source B (Fig. 6c). The adaptive receiver FOV
in this case is slightly wider than for the two-reference
system, as can be seen by comparing the Strehl ratio pro-
files ^St(0, uy)& for three-reference (solid curves) compen-
sation with the profile for two-reference (dashed curve)
compensation.

Although three-reference compensation provides a
more spatially uniform FOV than does two-reference com-
pensation, the increase in the number of reference waves
is accompanied by a general decrease in the achieved
Strehl ratio values.

5. CONCLUSIONS
In this paper we analyzed adaptive compensation of
wave-front phase aberrations in optical receiver systems
when the propagation medium’s refractive-index inhomo-
geneties are distributed along the propagation path and
cannot be accurately modeled by a single pupil-plane
phase-distorting layer. The model used for the propaga-
tion medium’s refractive-index fluctuations included a
single or a set of remotely located thin phase screens (dis-
tance phase screens). Wave propagation through a lay-
ered phase-distorting medium may result in strong inten-
sity scintillations at the receiver aperture as well as the
appearance of topological singularities of the pupil-plane
phase (phase branch points). Both effects strongly affect
wave-front control techniques and are the principle prob-
lems with conventional adaptive optics techniques based
on wave-front phase reconstruction and phase conjuga-
tion.

The distant location of the phase-distorting layers in-
troduces an additional problem related to anisoplanatic
effects when phase aberrations at the receiver pupil plane
depend on the wave-front angle of arrival. The efficiency
of adaptive correction performed for an optical wave
propagating along the optical axis degrades when the
wave-front angle of arrival increases, thus imposing a
limitation on the receiver system field of view (FOV).

We analyzed adaptive system architectures based on
the decoupled stochastic parallel gradient descent (D-
SPGD) algorithm applied to an adaptive optics system
with piston-type wave-front corrector (two-dimensional
array of piston actuators) and point-diffraction
interferometer-type wave-front sensor. As shown in Part
I (see Ref. 1), for narrow FOV receiver systems, D-SPGD
feedback control provides robust and efficient operation
even in conditions of strong intensity scintillations. Here
in Part II we analyzed the compensated receiver system
FOV and the possibility of controlling the system FOV
(extended FOV compensation) by using AO system archi-
tectures with several wave-front sensors that provide
sensing of wave-front phase aberrations for different ar-
rival angles.

The conventional D-SPGD control algorithm can be
modified to include (fuse) output signals from multiple
wave-front sensors. As shown in the analysis, the main
problem with the conventional D-SPGD control approach
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is the existence of local control system states in which
feedback control is based solely on the output signal from
a single sensor (wave-front sensor ‘‘winner’’) and all other
sensor outputs are ignored—a winner-takes-all (WTA)
type of dynamics of the closed-loop operation.

To prevent WTA competition between phase-distortion
information obtained from different wave-front sensors,
we introduced the multiple-reference D-SPGD (MR
D-SPGD) algorithm. This algorithm was applied to form
an anisotropic FOV in the adaptive optics receiver
system—a FOV extended in one angular direction. The
control system is composed of a MR D-SPGD feedback
controller operating with two wave-front sensors and a
single wave-front corrector. The adaptive optics receiver
system with anisotropic FOV can be applied for imaging
and tracking of cigar-shaped objects without the need for
multiconjugate adaptive optics compensation with mul-
tiple correctors and wave-front sensors.

The MR D-SPGD control technique can also be applied,
to some extent, to dynamically form the adaptive optics
system FOV by rearranging multiple guide stars used for
adaptation or by tracking the moving reference light
sources (satellites, space debris, etc.).
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